Abstract-Considered is the distribution of the cross correlation between m-sequences of length 2 m − 1, where m is even, and m-sequences of shorter length 2 m/2 − 1. The infinite family of pairs of m-sequences with four-valued cross correlation is constructed and the complete correlation distribution of this family is determined.
I. INTRODUCTION
Let {a t } and {b t } be two binary sequences of length p. The cross-correlation function between these two sequences at shift τ , where 0 ≤ τ < p, is defined by
at+bt+τ .
A well studied problem is to find the cross-correlation function between two binary m-sequences {s t } and {s dt } of the same length 2 m − 1 that differ by a decimation d such that gcd(d, 2 m − 1) = 1. An overview of known results can be found in Helleseth [1] , Helleseth and Kumar [2] and Dobbertin et. al. [3] .
Recently, Ness and Helleseth [4] studied the cross correlation between any m-sequence {s t } of length p = 2 m − 1 and any m-sequences {u dt } of shorter length 2 m/2 − 1, where m is even and gcd(d, 2 m/2 − 1) = 1. For convenience, {u t } is selected to be the m-sequence used in the small Kasami sequence family. The only known families of m-sequences of these periods giving a two-valued cross correlation are related to the Kasami sequences [5] and are obtained taking d = 1. Further, families with three-valued cross correlation have been constructed by Ness and Helleseth in [4] and [6] . These results were generalized by Helleseth, Kholosha and Ness [7] who covered all known cases of three-valued cross correlation and conjectured that these were the only existing.
In this paper, we consider pairs of sequences with a fourvalued cross correlation. The first family with such a property was described in [8] . We completed a full search for all values of m ≤ 32 and revealed a few examples that did not fit into the known family. Most of the cases with four-valued cross correlation occur for m = 2nk with n > 2 odd and the decimation The main result of this paper is finding the distribution for this four-valued cross correlation. Note that the family found in [8] corresponds to the latter decimation when setting n = 3.
In Section II, we present preliminaries needed to prove our main results. In Section III, we give the distribution of the number of zeros of a particular affine polynomial A a (x). Section IV provides the distribution of the number of zeros of a special linearized polynomial L a (z). The zeros of these two polynomials are useful when obtaining the cross-correlation values. Section V determines the cross-correlation distribution of our four-valued family.
We also state the following most general result that covers all computed decimations leading to at most four-valued cross correlation of m-sequences with the described parameters except for a single, seemingly degenerate, case. The proof of this fact also relies on the properties of A a (x) under general conditions. We conjecture that this characterization is complete.
Theorem 1 ([9] ): Let m = 2k and d(2 l + 1) ≡ 2 i (mod 2 k − 1) for some integer l with 0 ≤ l < k and i ≥ 0. Then the exponential sum S(a) from (2) with a ∈ GF(2 k ) * (and
times , where e = gcd(l, k).
II. PRELIMINARIES
Let GF(q) denote a finite field with q elements and let GF(q) * = GF(q) \ {0}. The finite field GF(q l ) is a subfield of GF(q m ) if and only if l divides m. The trace mapping from GF(q m ) to the subfield GF(q l ) is defined by
In the case when l = 1, we use the notation Tr m (x) instead of Tr 
In this paper, we consider the cross correlation between the m-sequences {s t } and {v t } = {u dt } at shift τ defined by
where
The main result is proved in a series of lemmas and propositions. The outline of the proof is as follows. Using the trace representation, Ness and Helleseth [4] showed that the set of values of
nk − 2 is equal to the set of values of
when a ∈ GF(2 nk ) * . Further, we show that
where S i (a) are defined by
for j = 0, 1, . . . , 2 k−1 and with r = α
We determine S 0 (a) exactly in Corollary 3 and find S i (a) 2 in Lemma 2. Since S(a) is an integer, we can resolve the sign ambiguity of all S i (a) for i = 1, 2, . . . , 2 k . In order to determine S 0 (a), we need to consider zeros in GF(2 nk ) of the affine polynomial
where n is odd, a ∈ GF(2 nk ) and r ∈ GF(2 2nk ) * with
When finding the complete cross-correlation distribution, we make use of the following lemma from [4] .
Lemma 1 ([4]): For any decimation d with gcd(d, 2
nk − 1) = 1 the sum of the cross-correlation values defined in (1) for m = 2nk is equal to
III. THE AFFINE POLYNOMIAL A a (x)
In this section, we consider zeros in GF(2 nk ) of the affine polynomial
where a ∈ GF(2 nk ) and c ∈ GF(2 k ). Some additional conditions on the parameters will be imposed later. The distribution of zeros in GF(2 nk ) of (3) will determine to a large extent the distribution of our cross-correlation function. It is clear that A a (x) does not have multiple roots if a = 0. It will be proved that A a (x) always has a zero in GF(2 nk ) if n is odd and Tr k (c) = 1. Therefore, having a particular zero of A a (x) it is sufficient to analyze zeros of its linearized homogeneous part. This linearized part is directly related to polynomial x 2 k +1 + x + a which was closely studied in [10] and [11] under much more general conditions.
We introduce a particular sequence of polynomials over GF (2 nk ) that will play a crucial role when finding zeros of (3). First, for any v ∈ GF(2 nk ) denote
Observe the following recursive identity that can be seen as an equivalent definition of
We prove it using induction on i. For i = 1 and i = 2 this fact is easily checked taking the definition. Assuming this identity holds for i < t we get for i = t > 2
We also define polynomials Z n (x) over GF(2 nk ) as Z 1 (x) = 1 and
for n > 1. The following proposition describes zeros of B n (x) and Z n (x) in GF(2 nk ).
If n is odd (resp. n is even) then the total number of distinct zeros of B n (x) in GF(2 nk ) is equal to
all its zeros have the form of (6) with Tr nk k (v 0 ) = 0 and occur with multiplicity 2 k . Corollary 1: Polynomial Z n (x) splits in GF(2 nk ) with all its zeros having the form of (6) and without multiple roots. If n is odd (resp. n is even) then the total number of zeros of
). Corollary 2: For any V ∈ GF(2 nk ) having the form of (6) with n > 2 and Tr nk k (v 0 ) = 0 we have
where the second identity holds if and only if n is odd. Polynomials B i (x) can be interpreted as the determinant of three-diagonal symmetric matrices (note a comprehensive study of these matrices in [12] ). Indeed, for j ≤ i let Δ x (j, i) denote the determinant of matrix D x of size i − j + 2 that contains ones on the main diagonal and with D x (t, t + 1) = D x (t+1, t) = x j+t−1 for t = 1, . . . , i−j+1, where the indices of x i are reduced modulo n. Expanding the determinant of D x by minors along the last row we obtain
assuming
Comparing the latter recursive identity with (4) it is easy to see that
Moreover, from the definition of the determinant it also follows that
Proposition 2:
For any a ∈ GF(2 nk ) * , polynomial A a (x) has exactly one zero in GF(2 nk ) if and only if Z n (a) = 0. Moreover, this zero is equal to V a = cB n (a)/Z n (a) and Tr nk (V a ) = Tr k (nc). Also if n is odd (resp. n is even) then
Proposition 3:
Let n be odd and take any a ∈ GF(2 nk ) * . Then polynomial A a (x) has exactly 2 k zeros in GF(2 nk ) if and only if Z n (a) = 0 and B n (a) = 0. Moreover, these zeros are the following
with μ ∈ GF(2 k ) and for each zero of this type
(n−1)k − 1. Now we are left with the remaining case when B n (a) = 0 (then, obviously, Z n (a) = 0). In the following proposition, the "only if" part follows from Propositions 2 and 3.
Proposition 4: Take any a ∈ GF(2 nk )
2k zeros in GF(2 nk ) if and only if B n (a) = 0.
In the following proposition, we prove that A a (x) = 0 always has a solution if n is odd and Tr k (c) = 1 (which is also valid for even n but this case is not relevant to the current paper). In the proof, we need Propositions 2 and 3.
Proposition 5: Take any a ∈ GF(2 nk ), where n is odd and c ∈ GF(2 k ) with Tr k (c) = 1. Then polynomial A a (x) has at least one zero in GF(2 nk ). Moreover, if A a (x) has exactly 2 2k zeros then Tr nk (v) = 1 for any v ∈ GF(2 nk ) with A a (v) = 0 and |M 2 2k | =
IV. THE LINEARIZED POLYNOMIAL L a (z)
The distribution of the four-valued cross-correlation function to be determined in Section V depends on the detailed distribution of the number of zeros in GF(2 2nk ), with odd n > 2, of the linearized polynomial
where a ∈ GF(2 nk ) and r ∈ GF(2 2nk ) * with r
For the details on linearized polynomials in general, the reader is referred to Lidl and Niederreiter [13] . It is clear that L a (z) does not have multiple roots if a = 0.
Define polynomials Y n (x) over GF(2 nk ) as
th root of unity over GF(2) and Z n (x) comes from (5). Also, for any v ∈ GF(2 2nk ) denote
x denote a three-diagonal matrix of size i − j + 2 that contains ones on the main diagonal and with 
Comparing the latter recursive identity with (7) it is easy to see that
Zeros of L a (z) in GF(2 2nk ) form a vector space over GF (2 2k ). Since the degree of L a (z) is 2 (n+1)k , the number of zeros is at most 2 (n+1)k , and thus, the dimension of the vector space over GF (2 2k ) is at most (n+1)/2. Therefore, L a (z) has either 1, 2 2k , 2 4k , . . . , 2 (n+1)k zeros in GF(2 2nk ). However, in Proposition 7 we prove that L a (z) can not have more than 2 2k zeros in GF (2 2nk ) and thus, the only possibilities are either 1 or 2 2k zeros.
V. FOUR-VALUED CROSS CORRELATION In this section, we prove our main result formulated in Theorem 2. We start by considering the following exponential sum denoted S 0 (a) that to some extent is determined by the following proposition.
Proposition 9: For an odd n and a ∈ GF(2 nk ) let S 0 (a) be defined by
where A a (x) is defined in (3) with c −1 = δ+δ −1 for δ being a primitive (2 k +1) th root of unity over GF (2) and Tr k (c) = 1. We can now determine S 0 (a) completely in the following corollary.
Corollary 3: Under the conditions of Lemma 9 the distribution of S 0 (a) is given as follows:
Lemma 2: For an odd n > 2 and a ∈ GF(2 nk ) let r = α
, where α is a primitive element of GF(2 2nk ). Let also
where T a is the number of zeros in
We are now in position to completely determine the distribution of S(a) defined in (2) for a ∈ GF(2 nk ) * . This is equivalent to the distribution of
, where n > 2 is odd and k > 1. Then the exponential sum S(a) defined in (2) for a ∈ GF(2 nk ) * (and
times .
Proof: Take α being a primitive element of GF (2 2nk ) and let ind(x) be defined as x = α ind(x) for any x ∈ GF(2 2nk ). Letting also r = α
and that r i is not a (2 k + 1) for i = 1, . . . , 2 k−1 and y running through GF(2 m ) then x will run through GF(2 m ) in total 2 k + 1 times. Further, since
where S i (a) are defined as in Lemma 2. We divide the proof into three cases. 
where |t| ≤ 2 k . Reduce both sides of the latter identity modulo 2 k + 1 to obtain 1 − t ≡ 0 (mod 2 k + 1). Since t is even then t = 1 and the only possibility is t = −2 k leading to S(a) = −2 (n+1)k . Case 2: (Z n (a) = 0 and B n (a) = 0) In this case, Corollary 3 gives S 0 (a) = 2 (n+1)k and, by Proposition 6, L a (z) has exactly one zero. Therefore, by Lemma 2 (ii), S i (a) = ±2 nk for all values of i = 1, 2, . . . , 2 k . Thus,
where |t| ≤ 2 k . Reduce both sides of the latter identity modulo 2 k + 1 to obtain 1 − t ≡ 0 ( mod 2 k + 1). Since t is even then t = 1 and the only possibility is t = −2 k leading to S(a) = 0. Case 3: (Z n (a) = 0) In this case, Corollary 3 gives S 0 (a) = −2 nk . Consider a set of
is an element of multiplicative order
has two solutions then the product of these is one and thus, there is at most one zero (say, when j = J ) in this set. Therefore, by Propositions 6, 8 and Lemma 2 (ii), S i (a) = ±2 nk for all values of i = 1, 2, . . . , 2 k except for, possibly, two with i = J and i = 2
In the case when S i (a) = ±2 nk for all values of i = 1, 2, . . . , 2 k , we have
where |t| ≤ 2 k . Reduce both sides of the latter identity modulo 2 k + 1 to obtain 1 − t ≡ 0 (mod 2 k + 1). Since t is even then t = 1 and the only possibility is t = −2 k leading to S(a) = −2 nk . Finally, in the case when S i (a) = ±2 nk for all values of i = 1, 2, . . . , 2 k except for two, we have
where |t| ≤ 2 k − 2 and ε ∈ {−1, +1}. Reduce both sides of the latter identity modulo 2 k + 1 to obtain 1 − t + 2ε ≡ 0 ( mod 2 k +1). Since t is even then t / ∈ {−1, 3} and the only possibility is t = −(2 k − 2) and ε = 1 leading to S(a) = 2 nk . The three cases above give, in total, the possible values 0, ±2 nk and −2 (n+1)k for S(a). Suppose the cross-correlation function C d (τ ) + 1 takes on the value zero r times, the value 2 nk is taken on s times, the value −2 nk occurs t times and the value −2 (n+1)k occurs v times. Since S(a) = −2 . By Proposition 3, the number of a ∈ GF(2 nk ) * such that Z n (a) = 0 and B n (a) = 0 is equal 2 (n−1)k − 1. Thus, since S(a) = 0 is possible only in Case 2, when Z n (a) = 0 and B n (a) = 0, then r = 2 (n−1)k − 1.
For the remaining values of S(a) = ±2
nk , obviously,
On the other hand, from Lemma 1 it follows that . The arguments in this paper also work for k = 1. However, in this case, the corresponding decimation d = (2 n + 1)/3 is only three-valued (see [4] ). Indeed, in this case, 3S(a) = S 0 (a) + S 1 (a) + S 2 (a) = S 0 (a) + 2S 1 (a) .
It was proved in Proposition 2 that Z n (a) ∈ GF(2 k ) = GF(2). Thus, if Z n (a) = 0 then Z n (a) = 1 and the value of S 1 (a) is defined by whether Y n (a) = Z n and is never equal to −2 n . This reduces the four-valued cross-correlation case to three values.
VI. CONCLUSIONS
We have identified new pairs of m-sequences having different lengths 2 2nk −1 and 2 nk −1, where n > 2 is odd and k > 1, with four-valued cross correlation and we have completely determined the cross-correlation distribution. In these pairs, decimation d is taken such that d = .
